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Abstract
We construct new examples of non-Kahlerian 1-convex threefolds X with exceptional set ∼= P1
(resp. ∼= F2). Also the structure of Pic(X ) will be studied. On the other hand, we shall investigate the
quasi-projective structure of certain Kahlerian compactifiable 1-convex manifolds; particular atten-
tion will be given to 3-fold cases through concrete examples.
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Unless the contrary is explicitly stated, all C-analytic spaces considered here are as-
sumed to be noncompact, finite-dimensional and of C-dimension n  1. Furthermore,
3-dimensional (resp. 2-dimensional) connected C-analytic manifolds, will be referred to
simply as threefolds (resp. surfaces).
0. Introduction
Let us recall briefly that a C-analytic space X is said to be strongly pseudoconvex (or
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502 T. Vo Van / Bull. Sci. math. 129 (2005) 501–522(a) a Stein space Y and finitely many points T ⊂ Y ,
(b) a surjective, proper and a holomorphic map π :X → Y inducing a biholomorphism
X\S ∼= Y\T where S := π−1(T ), and
(c) π∗OX ∼=OY .
Henceforth, S will be referred to as the exceptional set of X. Also, in the special case where
dimS = 0,1-convex spaces are exactly Stein spaces.
Furthermore a 1-convex space X is said to be embeddable if it can be realized as a
closed C-analytic subvariety in some ambient space Ck × Pv . Certainly S is projective
algebraic if X is embeddable. Serious attempts were carried out to investigate the con-
verse of this fact, and the common consensus was leaning toward the positive side. Such
a proclivity was reinforced, early on, by virtue of a construction of a 1-convex threefold
X with nonprojective exceptional set [31]. Unfortunately, that venture would be merely
a wishful thinking, in view of the existence of a 1-convex threefold X with exceptional
set ∼= P1 (resp. F2, a Hirzebruch ruled surface) and yet, X is not even Kahlerian [37];
furthermore, such an X does admit a Moishezon 3-fold M as its compactification. Con-
fronted with this state of affairs, one is forced to come back and analyze the structure
of Moishezon manifolds M which are small resolutions of hypersurfaces in P4, in order
to find out how our understanding of the failure of M to be projective algebraic came
about. In the hindsight, one realizes that, in most cases it is not hard to construct such an
X such that its algebraic Picard group is trivial; on the other hand, low and behold, that
will not be the case for its analytic counterpart, as claimed in [7], and reiterated in [30].
Thus as a by-product, we shall exhibit a counterexample to a main result in [7]. These
prototypes turn out to be the main focus of our investigation into the quasi-projective
structure of certain class of compactifiable 1-convex manifolds which generalize results
in [30].
So this paper is organized as follows: in Section 1, we shall lay out the structure of
1-convex manifolds with 1-dimensional exceptional set and exhibit the simple counterex-
ample mentioned earlier; also as an application of this construction we shall compute the
analytic Picard group of certain 3-dimensional affine varieties with a node as its unique sin-
gular point. In Section 2, the quasi-projectivity of compactifiable 1-convex manifolds will
be investigated. Finally, in Section 3, a thorough study of 1-convex threefolds, through con-
crete examples, will be taken up. Also, we shall explain why the non-Kahlerian 1-convex
manifolds exhibited in this paper only occur in dimension 3. Finally, we propose some
problems which, we hope, will further revitalize new interests and fresh ideas, inherent to
this framework.
1. The see-saw puzzle
To begin with let us look at the situation of one-dimensional exceptional sets. In this
direction we have the following theorem.
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C-dimS = 1. Then X is embeddable with possibly one exception, namely
dimX = 3 and S contains at least one component C ∼= P1, the normal
bundle of which is of type (−1,−1), (0,−2) or (1,−3).
(♠)
Proof. Let K be the canonical bundle of X and let us assume that c1(K | Sν) > 0 for each
irreducible component Sν of S; in which case, we infer from [31], that X is embeddable.
Therefore, from now on let us assume that there exists at least one irreducible component
say, C0 ⊂ S such that
c1(K | C0) 0. (#)
Step 1.
Claim. C0 admits a relative compact open neighborhood U ⊂ X, with maximal compact
subvariety, in the sense of [13], ∼= C0.
Since S is of pure C-dimensional one, it is infinitesimally projective; hence one can find
arbitrary small, relative compact neighborhood V of S in X, such that V can be realized as
open subset of certain protective algebraic variety Z (see, e.g., [3]). Now we shall follow
closely an idea which is due to Mori [27, Corollary 1.4]. So let S =⋃i Ci be a decompo-
sition of S into irreducible components, with 0 i m and let us select m points say {qj }
with 1 j m such that qj ∈ Ci (resp. qj /∈ Ci ) if j = i (resp. j = i).
Now let {Dj } be Cartier divisors in Z with 1 j m such that
Dj ∩ Ci =
{
qj if i = j ,
∅ if i = j . (!!)
Then one can check easily that U := (V \ (⋃j (Dj ∩ V)) will settle our claim.
Step 2. In view of (!!) one can show that, by shrinking U if necessary, U is holomorphi-
cally convex. Since C0 is maximal, it follows readily that U is 1-convex with exceptional
set ∼= C0. From now on, to simplify the notation, we shall denote C0 simply by C. Let
Ψ :U → V be the blowing down morphism, inducing a biholomorphism U \ C ∼= V \ {p}
where p := Ψ (C). Since {p} is an isolated singularity, V can be realized [3] as some
open subset of some C-projective algebraic variety Z. Let D′ ⊂ Z be an ample divisor,
D′ :=D′ ∩ V,D := Ψ ∗(D′) which is certainly big and nef and let E :=D⊗K∗ where K
is the canonical bundle of U .
In view of (#), we infer that c1(K | C) 0. Now Satz 7 in [14] tells us, by shrinking U
if necessary, that Hi (U,E ⊗ K) = 0 for all i  1. On the other hand, from the following
spectral sequence
Hi
(
V,RjΨ∗(E ⊗K)
)= Hi(V,D′ ⊗RjΨ∗(OU))⇒ Hi+j (U,E ⊗K)
it follows that, since V is Stein, Hi (V ,D′ ⊗ RjΨ∗(OU)) = 0 for all i  1 and D′ ⊗
RjΨ∗(OU) are generated by global sections. Therefore Γ (V,D′ ⊗ RjΨ∗(OU)) =
Hj (U,E ⊗K)= 0 for all j  1. ConsequentlyRjΨ∗OU = 0, for all j  1. (!)
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sequence,
0 → I →OU →OC → 0. (∗)
Since C is a compact curve
R2Ψ∗(I )= 0. (∗∗)
We infer from (!), (∗) and (∗∗) that H1(C,OC)= 0, i.e. C ∼= P1.
Step 3. Since C ∼= P1, a main result in [25] tells us that c1(K | C) > 0, i.e. X is embed-
dable, with possibly one exception, namely (♠) and our proof is finished. 
Remark. The proof of Theorem 1.1 given here is simpler than the one in [38] which, on the
other hand, is more constructive. On the other hand, this result tells us that the Kahlerian
hypothesis of X in the main results of [1, Theorems I and II] is redundant when dimX  4.
Furthermore, Theorem 1.1 can be reformulated explicitly as follows:
Corollary 1.2. Let X, S and K be as in Theorem 1.1. Then
(a) K | S is ample if dimX > 3, and
(b) if dimX = 3 and if for some irreducible component C ∈ S, one has c1(K | C)= 0 then
necessarily C ∼= P1.
On the other hand, contrary to popular belief, the exception (♠) indeed occurs.
Example 1.3. Let Y ⊂ P4 be a hypersurface of degree d  3 with one quadratic nondegen-
erate singular point (or node) {p}; i.e. locally, it is defined by the equation x2 + y2 + r2 +
t2 = 0 in C4(x, y, r, t). In view of a construction in [26] (see [35,37] and the construction
in Counterexample 1.7 below for more details) we know that Y admits an irreducible small
resolution π :M → Y i.e.
(a) M is a Moishezon 3-fold,
(b) M \ σ ∼= Y \ {p} where σ := π−1(p)∼= P1.
Furthermore,
(c) σ is a zero-homologous cycle.
Now let Y ′ ⊂ P4 be another hypersurface in P4 such that {p} /∈ Y ′, let Γ := Y ∩ Y ′ (set
theoretic) complete intersection and let us assume that Γ has at most rational double points
as (isolated) singularities. Without any danger of confusion we shall denote π−1(Γ ) also
by Γ . Since Y \ Γ is Stein, it follows readily that X0 := M \ Γ is a 1-convex threefold
with exceptional set S ∼= σ which is of type (−1,−1).Claim. X0 is not Kahler.
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Since one can check [8] (see also [5]) that H3(Γ,R) = 0, it follows readily from the
following exact sequence
→H4(M,R)→H4(M,Γ ;R)→H3(Γ,R)= 0
and the Alexander–Lefschetz duality, H4(M,Γ ;R)∼=H 2(X0,R) that ω will extend to an
element Ω ∈H4(M,R). Now we infer from deRham theorem and Poincaré duality that∫
σ
Ω > 0. (♣)
Contradicting (c) . Hence our claim is proved.
Remark 1.4. (a) The proof of the non-Kahlerity of X0 given here is much simpler that
the one given in [30, Theorem 1] which works only in the case where Γ is a nonsingular
hyperplane section.
(b) It is easy to see that X0 is not quasi-projective [35]. In [37] the proof for its non-
Kahlerity, is based on Proposition (1a), the proof of which is incomplete as pointed out
in [7]. We stand corrected.
(c) Since {p} is a rational singularity, it follows readily that
H 2(X0,Z)∼=H 1(X0,O∗). (•)
Furthermore, from the Kronecker product and (♣), one has L.σ = 0 for any L ∈ Pic(X0);
in other words the homomorphism
H 2(X0,Z)→H 2(σ,Z) is the zero map. (§)
Therefore the next logical inquiry would be, in view of (•), the following.
Question 1.5. Under which circumstances would Pic(X0) itself be analytically trivial?
Now, in [7, Theorem 4], it was claimed that the answer to Question 1.5 is positive,
provided Y ′ is a linear hyperplane intersecting Y transversally (see also [30, Remark 4]);
namely, it is proved that in such a situation
H 2(X0,Z)= 0.
It is our main purpose here to show that this is merely a wishful thinking. But first of all, a
brief review about the analytic structure of Pic(M) is in order. Indeed, we have
Claim 1.6. Pic(M)∼=H 2(M,Z)∼=H 2(Y,Z)∼= Pic(Y )= Z.
From the following exact sequence
0 → JY →O→OY → 0
where JY is the ideal sheaf in O (the structural sheaf of P4) determined by Y , one hasHi(Y,OY )= 0 for i = 1 or 2 (1)
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On the other hand, from the following exact sequence
0 → Z →OY →O∗Y → 0
we infer, in view of (1) that
H 2(Y,Z)∼= Pic(Y ). (2)
From the Leray spectral sequence, one deduces the following exact sequences
H 1(Y,OY )→H 1(M,OM)→ Γ
(
Y,R1π∗(OM)
)→H 2(Y,OY )
and
H 2(Y,OY )→H 2(M,OM)→ Γ (Y,R2π∗(OM)
)
from which, in view of (1) and property (b) in Example 1.3 we infer that Hi(M,OM)= 0
for i = 1 or 2. Hence, similarly
H 2(M,Z)= Pic(M). (3)
Now from the following exact sequence, with compact supports,
H 2c (P4 \ Y,Z)→H 2(P4,Z)→H 2(Y,Z)→H 3c (P4 \ Y,Z)
we infer that
H 2(Y,Z)∼=H 2(P4,Z)∼= Z (4)
since Hkc (P4 \ Y,Z)∼=H8−k(P4 \ Y,Z)∼= 0 provided k < 4 [2].
Finally from the exact sequence
0 =H 1(σ,Z)→H 2(Y,Z)− π∗ →H 2(M,Z)− ρ∗ →H 2(σ,Z)
it follows readily that
H 2(Y,Z)∼=H 2(M,Z) (5)
since ρ∗ is the zero map in view of property (c) in Example 1.3. From (2)–(5) our claim
will follow. 
We are now in a position to proceed to the construction of the following
Counterexample 1.7. Now for any fixed integer d ∈ Z with d  3, let m := d − 2 and
let Y1 be a hypersurface of degree d in P4(x : y : z : w : t), defined by the homogeneous
equation
A2(x, y, z,w)t
m +Ad(x, y, z,w)= 0 (1′)
where A2 (resp. Ad ) are homogeneous equations of degree 2 (resp. d) in P3. Now let
p := (0 : 0 : 0 : 0 : 1) ∈ P4(x : t) and Y ′ := {t = 0} ∼= P3(x). (2′)Certainly
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(b′) Y ′ intersects Y1 transversely, and let
(c′) Γ1 := Y1 ∩ Y ′.
Let β :B → P4 be the blow up of P4 at {p}, let M be the strict transform of Y1 by β
and let Π := β |M. Then Π :M→ Y1 is a “big” resolution of Y1 with exceptional set
Q ∼= P1 × P1 [39]. Let τ :M→ M1 be the contraction of Q along the second projection
r : P1 × P1 → P1. It turns out that τ is an inverse of a monoidal transformation with center
σ ∼= P1, a null homologous 1-cycle in M1 inducing a birational morphism π :M1 → Y1, a
small resolution of Y1, such that π ◦ τ =Π . Let Θ1 = π−1(Γ1). Then X1 :=M1 \Θ1 is a
1-convex threefold with exceptional set σ ∼= P1.
Claim. H 2(X1,Z) = 0 for some d > 3.
In fact since {p} is the only singular point in Y1, one can assume that B := {A2 =Ad =
0} ⊂ P3(x) is a nonsingular curve. Since C := {(x, t) ∈ Y1 | x ∈ B} is the cone of all lines
l ∈ Y1 passing through p, we infer readily from (1′) (2′) and (c′) that
l.MΘ1 = l.Y Γ1 =m, (3′)
where l is the strict transform of l by π . Notice that K := π∗(C) is the compact surface
(singular but irreducible) which is the union of lines l joining σ to B1 := π∗(B). As no-
tice earlier (Claim 1.6), rank Pic(M1)= rank Pic(Y1) = 1; more precisely Pic(Y1) = Z[D]
where D := Y1 ∩ {x = 0}, and it follows that
Pic(M1)= Z[E], (4′)
where E := π∗(D). Now, from the following diagram
where R, the strict transform of C in M, is a ruled surface over B2 := Π∗(B), one sees
that R intersects Q transversally along B0 :=R∩ Q and τ(R∪ Q)∼=K. Since σ ⊂ E
E .l = 1 for generic line l ∈K. (5′)
Now Lefschetz hyperplane section theorem and Poincaré duality tell us that
H 1(Γ1,Z)∼=H3(Γ1,Z)= 0.
From the following exact sequence, Claim 1.6 and the fact that Γ 3 > 0,Z ∼=H4(Θ1,Z)− ι∗ →H4(M1,Z)∼= Z →H4(M1,Θ1;Z)→H3(Θ1,Z)= 0
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injective; hence, from (5′), (4′) and (3′), it follows that
H 2(X1,Z)∼=H4(M1;Θ1,Z)= Z/mZ = 0 for some d > 3. (!)
Hence our claim is proved.
As an application of this construction, let us first mention the following result [19,
Corollary 2.3].
Proposition 1.8. Let Y3 ⊂ P4 be a nonsingular hypersurface, Y ′ ⊂ P4 a linear hyperplane
intersecting Y transversely, Γ3 := Y3 ∩ Y ′ and Y3 := Y3 \ Γ3. Then Pic(Y3)= 0.
Also as noticed in [19] the hypothesis of nonsingularity of Y3 is crucial here; in fact one
has
Example 1.9. Let Y2 := {x2 + y2 + z2 +w2 = 0} ⊂ P4(x : y : z :w : t) be a quadric hyper-
surface with a unique (isolated) singular point p = (0 : 0 : 0 : 0 : 1) and let Y2 := Y2 ∩ {x =
0}. Then it is clear that Y2 ∼= {ζ 2 + ξ2 + ν2 = −1} ⊂ C4(ζ, ξ, ν, τ ) is an affine algebraic
3-fold, where ζ := y/x, ξ := z/x, ν := w/x and τ := t/x. Certainly Y2 is homotopically
equivalent to Y2 ∩ {τ = 0} which has the same homotopy type as the 2-sphere S2; conse-
quently, in contrast with Y3
Pic(Y2)= Z.
Now complementing Proposition 1.8 one has
Corollary 1.10. Let X1, Y1 Γ1 and m be as in Counterexample 1.7. Certainly Y1 := Y1 \Γ1
is a 3-dimensional affine algebraic variety with a unique ordinary singular point and one
has
Pic(Y1)= Z/mZ.
Proof. Indeed, let χ := π |X1 :X1 → Y1. Then from the following exact sequence
0 ∼=H 1(σ,Z)→H 2(Y1,Z)− χ∗ →H 2(X1,Z)− r∗ →H 2(σ,Z)
our desired conclusion will follow in view of (!), since r∗ is the zero map in view of (§). 
In parallel with Example 1.9 and completing the picture in Corollary 1.10, we have
Corollary 1.11. For the 3-dimensional affine algebraic variety Yˆ2 := Y2 ∩ {t = 0}, with a
unique ordinary singular point {p}, one has Pic(Yˆ2)= 0.
Proof. Let π :M2 → Y2 be a small resolution of Y2. Since H4(Y2,Z) ∼= Z2 it follows
readily that H 2(M2,Z) ∼= Z2. On the other hand, the divisor W := Y2 ∩ {x = 0}) ∼= Q ∼=
P1 × P1 is not homologous to any integral multiple of the generic hyperplane section, it
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projective 1-convex threefold with exceptional set σ ∼= P1, where X2 := M2 \ Θ2, Θ2 :=
π−1(Γ2) and Γ2 := Y2 ∩ {t = 0}. Therefore the natural map
Z ∼=H 2(X2,Z)− r∗ →H 2(σ,Z)∼= Z ($)
is injective. From ($) and the following exact sequence
0 ∼=H 1(σ,Z)→H 2(Yˆ2,Z)− λ∗ →H 2(X2,Z)− r∗ →H 2(σ,Z)
our desired conclusion will follow, where λ := π |X2 :X2 → Yˆ2. 
Observation 1.12. The moral behind this result is to expose the strict limitation of the
Poincaré (resp. the Alexander–Lefschetz) duality which has been widely used in this frame-
work; indeed, as shown above, when the ambient space acquires some singularities, even
the mild ones, we have
Z + Z ∼=H4(Y2,Z) =H 2(Y2,Z)∼= Z and
Z ∼=H4(Y2,Γ2;Z) =H 2(Y2 \ Γ2,Z)= 0.
Remark 1.13. The breakdown in the arguments of Theorem 4 (p. 100) in [7] begins with
the following assertion:
“The pair (V \A,B \A) is (4 − 1)= 3-connected”
where V is the blow up of P4, at the node p, B the strict transform of the hypersurface Y by
σ and A⊂ V , the hyperplane section which intersects B transversally such that A∩Σ = ∅.
Schematically, this situation could be summarized by the following diagram
(∼)
This fact was derived from his Proposition 2, for which [20] was quoted as reference.
But this is misleading. Indeed, if one looks carefully at the Main Theorem 3.D in [20],
translated into the current setting (∼), one should notice at once that the 3-connectivity of
the pair (V \A,B \A) will hold, provided that all the strata, not contained in B , relative
to some given stratification of the pair (V ,B), must have dimension  4. Obviously, such
a requirement is not fulfilled in view of the presence of the 3-dimensional stratum Σ \
(B ∩Σ). For this subtle setting, we refer to the comments in [16] (in particular the 4 lines
preceding Theorem 3 on p. 552), as well as the refinement of Theorem D in [20], namely
Theorems 2.3 and 2.6 in [21].
Example 1.14. Let Q ⊂ P4 be a nonsingular hyperquadric and let K ⊂Q be its singular
hyperplane section which is a quadric cone with vertex, say {q}. Let γ ⊂K be a singular
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blow up [10,28] along γ . Let S := δ−1(γ ), and let R ⊂ B be the strict transform of K.
Then one can check thatR∼= F2, a Hirzebruch surface with the natural projection r: F2 →
σ ∼= P1. Since the normal bundle NR/B is linear equivalent to −Ξ − 2F where Ξ is the
canonical section of R with Ξ2 = −2 and F its fibre, Nakano–Fujiki criterion guarantees
that B can be blow down along r ; precisely there exists a compact 3-fold M2, a natural
injection ι:σ → M2 and a contraction morphism τ :B → M2 which is an inverse of a
monoidal transformation along σ such that τ |R= r . Certainly σ is of type (0,−2). Now
let Y := τ(S). Then one can check that [10]:
M2 \ Y∼= B \ (R∪ S)∼=Q \K= C3, (#)
Pic(M2)∼= Z[Y] and Y.σ = 0. (##)
Hence, in view of (##), M2 is a nonalgebraic Moishezon 3-fold; thus a main result in [10,
Theorem 0] tells us that there exist a 3-dimensional Fano variety Y of index ν  2, with
exactly 1 Gorenstein isolated singular point {p} and a surjective morphism π :M2 → Y
which induces an isomorphism M2 \ σ ∼= Y \ {p}. (See Examples 3.3 and 3.2 below for
concrete description of such Fano variety.) Now let Γ ⊂ Y be a nonsingular hyperplane
section, such that {p} /∈ Γ . Hence Γ is a compact surface which in view of (#), is actually a
compactification of C2; consequently, we infer from [23] that Γ must be a rational surface,
in particular H3(Γ,R)= 0.
The situation can be summarized by the following diagram
Then one can show, as in Example 1.3, that X2 :=M2 \ Γ is a non-Kahlerian 1-convex
threefold with exceptional set σ ∼= P1 which is of type (0,−2).
Observation 1.15. Needless to say, there is a strong parallelism between this non-
Kahlerian 3-fold M2 and M of Example 1.3 (or in Counterexample 1.7). However in
contrast with M, the blow up of M , which is projective algebraic, B the blow up of M2 is
not projective algebraic, see also Example 3.12 below.
Remark 1.16. Let (Y,p) be a germ of a 3-dimensional hypersurface terminal singularity
and let π :M → Y be a small resolution of (Y,p). Then C := π−1(p) = ⋃i Ci where
Ci ∼= P1 for each i. Unfortunately the dual graph Θ of C [38] is far from characterizing
the type of singularity of {p}. However, in the special case of a compound A1(2ν − 1)
T. Vo Van / Bull. Sci. math. 129 (2005) 501–522 511singularity, i.e. locally, in C4(x, y, r, t), it is defined by {x2 + y2 + r2 + t2ν = 0} with
ν  1, one has:
Proposition 1.17 [25]. Let us assume that in Remark 1.16, C is irreducible. Then C is of
type (−1,−1) (resp. (0,−2)) iff {p} is a compound A1(1) (resp. a compound A1(2ν − 1)
singularity for some ν > 1).
Hence one would like to raise the following
Question 1.18. Do there exist non-Kahlerian 1-convex threefolds with exceptional set S ∼=
P1 which is of type (1,−3)?
On the other hand, the above examples lead us naturally to the following
Problem 1.19. Let X be a compactifiable 1-convex manifold. Is X quasi-projective if X is
Kahlerian?
The main impetus to this problem stems from the fact that its answer is affirmative if
X is a compactifiable 1-convex surface [33,34] and that is the main motivation behind
our next section. Also we would like to refer to [36] for more detailed discussions on the
quasi-projectivity of compactifiable Stein manifolds of C-dimension > 2.
2. The enigma of quasi-projectivity
Despite a rude awakening in dimension 3, there was a silver lining, as observed above,
beneath Problem 1.19 which provides a glimpse of hope for our next agenda. But, first of
all let us begin with the following basic result which generalized a well-known result of
Kodaira for compact surfaces.
Theorem 2.1. Let M be a compact C-analytic space and let Γ ⊂ M be a Cartier divisor
which is normally ample, i.e., L | Γ is ample where L is the holomorphic line bundle on
M determined by Γ . Then
(i) X :=M \ Γ is a 1-convex space, and
(ii) M is Moishezon.
Proof. (i) Let L be a holomorphic line bundle on M and let {Ui, eij } be a system of 1-
cocycles determining L, relative to some open coverings {Ui} of M . Then, in view of a
result in [31] (Extension lemma), by suitably modifying the metric of L, one can find a
relative compact open set V ⊃ Γ in M such that L | V is weakly positive in the sense of
Grauert [13]; hence one can find a system of positive functions {hi} ∈ C∞R (V) such that on
Vi ∩ Vjhj = |eij |2hi (1)
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−∂∂¯ loghi > 0 on Vi. (2)
Let σ ∈ Γ (M,L) be the canonical holomorphic section on M . Then locally on Vi ∩ Vj ,
one has
σi = eij σj . (3)
Consequently from (1) and (3), one has
hi |σi |2 = hj |σj |2.
Hence the function
ϕ | Vi := |σi |2hi
is well defined.
Certainly Φ := − logφ is an exhaustion function on X. Furthermore Φ is strongly
plurisubharmonic, since from (2)
−∂∂¯ logΦ | Vi = −∂∂¯ loghi − ∂∂¯ log |σi |2 > 0 on Vi \ (Vi ∩ Γ ).
Since K :=M \ V is compact, it follows readily [13] that X is 1-convex in our sense with
exceptional set S ⊂K := {x ∈X | f (x) supK |f | for all f ∈ Γ (X,O)}.
(ii) Since S is exceptional, it can be contracted to finite points; therefore one obtains a
compact C-analytic space Y , a finite set T ⊂ Y , and a proper, surjective and holomorphic
morphism π :M → Y inducing a biholomorphism
M \ S ∼= Y \ T ()
and such that π∗OM ∼=OY .
Now let D := π(Γ ). Since X is 1-convex, Y \ D is free of compact subvarieties of
positive dimension; consequently the normally ample divisor D is actually the support
of an ample divisor [13]. Therefore, Y is in fact projective algebraic. Now by Riemann
extension theorem, we infer from (), an isomorphism of fields of meromorphic functions,
namely M(M)∼=M(Y ). Hence M is Moishezon. 
From the above proof, we deduce at once the following
Corollary 2.2. Let M and X be as above. Then M is projective algebraic if X is Stein.
In view of this corollary, it is natural to raise the following question.
Question 2.3. Does Corollary 2.2 hold if X is only Kahlerian?
Certainly this is false in view of the existence of compactifiable 3-dimensional
Kahlerian 1-convex space X which is neither quasi-projective, nor embeddable since its
exceptional set S is nonprojective algebraic [32, Theorem 4]. We refer to [6] or [32] for
precise definitions of singular Kahlerian spaces. Hence, one should restrict to the nonsin-
gular cases. First of all, motivated by Examples 1.3 and 1.14, let us introduce the following
definition.
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be an analytic divisor. Then we say that Γ is privileged if
H2n−3(Γ,R)= 0.
Remark 2.5. Here are a few concrete examples of compact q-dimensional C-analytic
spaces Γ which are privileged, where q := n− 1 > 1.
(a) A (set theoretic) nonsingular complete intersection Γ in PN , in view Lefschetz hyper-
plane section theorem.
(b) A compact rational surface.
(c) A 2-dimensional normal compact analytic space Γ of rational homology type of P2, a
complete classification of which can be found in [5].
(d) A compact C-analytic space Γ which is a compactification of Cn−1.
In fact, since Γ \ γ ∼= Cn−1 for some γ ∈ Γ , we infer readily from the following exact
sequence
H2n−3(γ,R)→H2n−3(Γ,R)→H2n−3(Γ ;γ,R)∼=H 3(Cn−1,R)= 0
that Γ is privileged since R-dimγ = 2n− 4.
First of all the following technical result is needed.
Lemma 2.6. Let M be as in Theorem 2.1 and let us assume that M is nonsingular. Let V
be a rankq  1, locally free sheaf on M. Then the analytic local cohomology groups
HkΓ (M,V)= 0 for all k > 1.
Proof. Let us consider the following Grothendieck local cohomology group
HkΓ (M,V) := lim−→
n
Extk(OnΓ ,V).
But this Ext group is an abutment of the following spectral sequence
Hi
(
M,Extj (OnΓ ,V)
)⇒ Exti+j (OnΓ ,V).
Since Γ is of pure codimension one, one can check that
Extj (OnΓ ,V)=
{V(nΓ )|nΓ if j = 1,
0 otherwise.
Hence the spectral sequence degenerates and in view of the normal ampleness of Γ , one
has [13]:
Exti+j (OnΓ ,V)= 0 for n 0 if i + j > 1.
Now a main result in [24, Theorem (2.5.3) and Remark (2.6.3)] tells us that the natural
homomorphism
ρk(M,V) :HkΓ (M,V)→HkΓ (M,V)
is surjective for k > 1. Hence our proof is complete. 
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Let us fix a compact C-analytic manifold M with its analytical structure sheafO, let Md be
the differentiable manifold associated to M withOd as its differential structure sheaf. Also
let Ep,q be the sheaf of germs of real-valued C∞(p, q)-forms, Ep,q(M) := Γ (M,Ep,q) be
the Frechet space of global real-valued C∞(p, q)-forms and let Dp,q(M), its dual space,
i.e., the space of currents of bidimension (p, q) and bidegree (n− p, n− q). Since M is
nonsingular, Coker (O − Re →Od) is biholomorphic to the subsheaf Z1,1 of closed real
valued C∞(1,1)-forms and we have the following exact sequence
0 →M→Od →Z1,1 → 0
where M :=O/iR.
Therefore it follows readily that
H 1(M,M)∼= Γ (M,Z1,1)/i∂∂¯Γ (M,Od) (❤)
since Od is acyclic.
We are now in position to state the main result of this section, which partially answers
Question 2.3 and Problem 1.19.
Theorem 2.8. Let M be a compact C-analytic manifold and let Γ ⊂ M , be a normally
ample divisor which is privileged and let X := M \ Γ . Then the following conditions are
equivalent:
(α) M is projective algebraic;
(β) X is quasi-projective;
(γ ) X is embeddable;
(δ) X is Kahler.
Proof. It follows from Theorem 2.1, that X is 1-convex, hence the implications (α)⇒ (β),
(β) ⇒ (γ ) and (γ ) ⇒ (δ) are trivial; so it suffices to prove that (δ) ⇒ (α). From the
definition for M, we have the following exact sequence
0 → R − i →O→M→ 0.
Consequently, one obtains, the following commutative diagram of cohomology groups,
with exact rows
H 1(X,O) H 1(X,M) H 2(X,R) H 2(X,O)
H 1(M,O)
ρ1
H 1(M,M)
ρ2
H 2(M,R)
ρ3
H 2(M,O)
ρ4
where the ρi are restriction homomorphisms.
For any fixed integer k > 1, from the following exact sequence,→Hk−1(M,O)→Hk−1(X,O)→HkΓ (M,O)→
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hand, since Γ is privileged, we deduce from the following exact sequence
→H2n−2(M,R)→H2n−2(M;Γ,R)→H2n−3(Γ,R)= 0
the surjectivity of ρ3. Therefore ρ2 is surjective, by virtue of the five-lemma. Consequently,
in view of (❤), any Kahler form ω on X can be extended to a closed (1,1) form Ω on M .
From the proof of Theorem 2.1 and its notations let
π :M → Y
be the blowing down morphism. Since Y ⊂ Pν and since K := Y \U is compact, for any
open neighborhood U of T in Y , one can find a Kahler form, say Θ on Y and arbitrary
integer N  0, depending on K such that
Ξ :=Ω +Nπ∗Θ
is indeed a Kahler form on M in view of () and the conclusion will follow. 
Notice that in Theorem 2.8, the privileged hypothesis of Γ is irredundant when M is a
compact surface; in fact in such a situation the equivalent conditions (α), (β), (γ ) and (δ)
are automatically satisfied, by virtue of the Chow–Kodaira theorem. Hence one would like
to explore the following
Question 2.9. Is it possible to drop the privileged hypothesis in Theorem 2.8?
However as we shall see that, in most practical situations the privileged hypothesis of
Γ does come up naturally. Indeed, we have
Corollary 2.10. Let Y be a (strict) complete intersection of k hypersurfaces in Pn+k such
that the singular locus τ of Y is of dimension zero and let π :M → Y be a nonsingular
resolution of Y .
Let Y ′ be an another hypersurface in Pn+k such that τ ∩ Y ′ = ∅ and assume that Γ :=
Y ∩ Y ′ (as set intersection) has at most isolated singularities, say {pi}.
Assume that, either
(a) dimY > 3, or
(b) dimY = 3 and the Milnor lattice Λi associated to each singular point {pi} is nonde-
generate.
Then the equivalence (α), (β), (γ ) and (δ) in Theorem 2.8 does hold for the pair M
and X :=M \ Γ .
Proof. In view of Theorem 2.8, it suffices to check in each case that Γ is privileged:
(a) Since 2n − 3 > dimΓ + 1 = n − 1 + 1 = n iff n > 3. Hence results in [8, Theo-
rem 2.1] will conclude our proof.
(b) Similarly this hypothesis implies [8] that Γ is privileged and our conclusion willfollow. 
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notice that in the previous result, the Kahlerity of X will put a heavy constraint on the
exceptional set S, dimension wise; in fact one has
Corollary 2.11. Let M be as in Corollary 2.10(a). If X is Kahler, then its exceptional S is
necessarily of pure codimension one.
Proof. If X is Kahler, it follows from Theorem 2.8, that M is projective algebraic. Hence
GAGA type theorem tells us that π is actually an algebraic morphism. By virtue of our
hypothesis, any point p ∈ τ is algebraically factorial [15, XI 3.1.4]; therefore our desired
conclusion will follow from van der Waerden theorem. 
3. The rational syndrome
We shall exhibit a series of example of compactifiable 1-convex threefolds, in order to
expose their unexpected pattern along which we personally and bitterly experiencing in the
past. Now, dimension wise, Corollary 2.11 is optimal. In fact we have:
Example 3.1. Let us consider the following projective 3-fold exhibited in [40]. Let V be
the intersection of 2 hyperquadrics in P5(s : u : v :w : a : z), namely
V :=
{
su+ va +wz= 0,
vz+w2 − ux = 0.
Then V has only one isolated singular point, p := {1 : 0 : 0 : 0 : 0 : 0} which is a compound
A1(1) singularity. Hence it admits [22] a small resolution π :M3 → V . Notice that the
compact surface A := {u = v = w = 0} ∼= P2 ⊂ V and {p} ∈A. Hence A is a Weil divi-
sor which is not Q-Cartier, i.e., {p} is not Q-factorial. Consequently, we infer from [37,
Proposition 2] that M3 is projective algebraic.
Now for any hypersurface Y ′ ⊂ P5 such that {p} /∈ Y ′ let Γ := V ∩ Y ′. Then the same
argument as above tell us that X3 :=M3 \Γ is a Kahlerian 1-convex threefold with excep-
tional set S := π−1(p)∼= P1 which is of type (−1,−1) and which is of pure codimension 2.
Also, one can check that Pic(X3)= Z.
In contrast with Example 3.1, one has
Example 3.2. Let us consider the following nonalgebraic Moishezon 3-fold exhibited in
[10,11] (see also [28,39]). Let V ′ be the intersection of 2 hyperquadrics in P5(s : u : v :w :
a : z), namely
V ′ :=
{
su+ vw + az= 0,
vz+w2 − ua = 0.
Then V ′ has only one isolated singular point, p := {0 : 1 : 0 : 0 : 0 : 0} which is, modulo
some suitable change of coordinates, a compound A1(3) singularity. Hence it admits [22]
a small resolution π :M4 → V ′. Notice that
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(ii) {p} ∈ {s =w = x = z= 0} ∼= P1, the singular locus of A.
Hence Y .σ = 0 where σ := π−1(p) ∼= P1 and Y := π−1(A). Furthermore Pic(M4) ∼=
Z[Y]. Consequently, σ is a zero homologous cycle.
Now let Y ′ be a hypersurface in P5 such that {p} /∈ Y ′ and let us assume that Γ :=
V ′ ∩ Y ′ (as set intersection) has at most rational double points as isolated singularities.
Then the same argument as in Example 1.3 tells us that X4 :=M4 \ Γ is a non-Kahlerian
1-convex threefolds with exceptional set S ∼= σ which is, following [25], of type (0,−2).
Notice that V ′ is a 3-dimensional Fano variety with index = 2, for which an alternative
will be explicitly exhibited by the following example which was alluded to in Example 1.14
as another possibility.
Example 3.3. Let V5 be a linear section of the Grassmaniann G(l,4) ⊂ P9 by a general
subspace P6 ⊂ P9. Indeed V5 is a Fano 3-fold of index 2 and of degree 5 in P6. Then a
remarkable construction in [12] shows that there exists a rational morphism Φ :V5 → P11
such that
(a) V 5 :=Φ(V5) is a 3-dimensional Fano variety of index 1, containing a unique Goren-
stein singular point {q}, and
(b) V 5 \ H ∼= C3 where H is some hyperplane section through {q}.
Furthermore, there exists an irreducible small resolution π :M5 → V 5 such that σ :=
π−1(q)∼= P1 is of type (0,−2). Now let Γ ⊂M5 be a hyperplane section such that {q} /∈
Γ . We infer from (b) that Γ is a compactification of C2; consequently, Γ is privileged
in view of Remark 2.5(d). Then the same argument as in Example 1.3 will show that
X5 :=M5 \ Γ is indeed a non-Kahlerian 1-convex threefold with exceptional set S ∼= σ .
So far the previously exhibited examples all have irreducible 1-dimensional exceptional
sets ∼= P1. Let us consider the following
Example 3.4. Let Y ⊂ P4 be a hypersurface of degree d  4 (resp.  6) with only one
isolated singular point {p} which is of type A3 (resp. A5); we infer from [22], the existence
of a small resolution π :M3,5 → Y such that ω := π−1(p) consists of a chain of 3 (resp. 5)
P1’s which intersect transversally. Following [39] (see also [9]) let us define the defect
of Y , by d(Y) := b4(Y)− 1 := the number of the independent divisors on Y through {p}
which are not homologous to a multiple of the generic hyperplane section. Following [8,
Theorem 2.1 and Example 5.4] d(Y)= 0. Consequently, M3,5 is not protective algebraic.
With the same argument as above, one can find a non-Kahlerian 1-convex 3-fold X3,5 ⊂
M3,5, with exceptional set S ∼= ω.
Remark 3.5. (a) As far as the configuration of 1-dimensional exceptional set S of embed-
dable 1-convex threefolds is concerned, we refer to [4] for further details. See also [1].
(b) The existence of such non-Kahlerian 3-folds is by no means accidental; indeed we
have
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Assume that M is nonsingular and the exceptional set S of X has C-dimension  1.
Then
(a) M is protective algebraic if C-dimM  4; meanwhile
(b) The 3-fold M is projective algebraic iff S is free of zero-homologous (nontrivial)
effective 1-cycles Ξ :=∑i niCi where Ci ∼= P1 for each i.
Proof. (a) Let K be the canonical bundle of M . We infer from Corollary 1.3(a), that K | S
is ample. Hence it follows readily, from Moishezon–Nakai criterion that, for some N  0,
K⊗ LN is ample where L is the line bundle on M determined by Γ . Consequently M is
projective algebraic.
(b) Assume that M is not projective algebraic and let π :M → Y be the modification
morphism as in Theorem 2.1.
Step 1. We shall follow closely an idea of [18]. Let us use the same notations as in
Remark 2.7 and let us consider the following homomorphism of Fréchet spaces
d :E1,1(M)→ E2,1(M)⊗ E1,2(M)
which induces a dual homomorphism
∂ + ∂¯ :D1,2(M)⊕D2,1(M)→D1,1(M). (∗)
Now let P := {φ ∈ E1,1(M) | φ > 0} and
K := {φ ∈ E1,1(M) | dφ = 0}.
Certainly P (resp. K) is an open convex cone (resp. a closed subspace) in E1,1(M). Since
M is Moishezon, our hypothesis is equivalent to the fact that M is non-Kahlerian, i.e.
P ∩ K = ∅. Then it follows from Hahn–Banach Theorem that there exists a continuous
linear form T on E1,1(M) separating P from K , i.e. a current T ∈D1,1(M) such that
T > 0 on P, i.e. T is a positive current, (∗∗)
and T = 0 on K ∼= Γ (M,Z1,1); hence in view of (∗)
T = ∂R + ∂¯R¯ for some R ∈D1,2(M). (∗∗∗)
Step 2. Let ω be a Kahler form on Y and let ω′ := π∗(ω) which is positive semi-definite
(resp. positive definite) on X (resp. X \ S). Certainly T (ω′)= 0, hence supp(T )⊂ S. Now
from (∗∗) and (∗∗∗) and the fact that S is compact, a result in [18, Lemma 32] tells us that
T =∑i ri[Ci] for some r1 ∈ R+ and some irreducible components Ci ∈ S.
LetA2 (resp.A2) be the linear subspace of H2(M,R) (resp. of H4(M,R)∼=H 2(M,R))
generated by the homology classes of irreducible compact curves (resp. of irreducible com-
pact divisors) in M . Then it follows from [26, p. 87] that the natural morphism, via deRham
Theorem,
Φ :A2 → (A2)∗
φ → (σ → 〈σ,φ〉) (∧)is well defined and surjective.
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Φ ′ :A2 → R
φ →
∑
i
ri
∫
Ci
φ
is the zero map. Hence it follows from (∧) that∑i ri[Ci] = 0 in H2(M,R) :=H2(M,Z)⊗
R. But H2(M,Z) is finitely generated since M is compact; hence there exist integers ni ∈ N
such that
∑
i ni[Ci] = 0 in H2(M,Z). Finally, in view of Corollary 1.2(b), it follows readily
that necessarily Ci ∼= P1. 
Remark 3.7. (a) A special case of Theorem 3.6(b) appeared in [39, Chapter 3, Satz, p. 17].
(b) A few words of caution is in order here. Although Theorem 3.6(b) guarantees the ex-
istence of some effective rational 1-cycle Ξ which is null homologous to zero in H2(M,R),
provided M is not projective algebraic, it left open the following
Question 3.8. In this situation, does Ξ also homologous to zero in H2(X,R)?
Despite the fact that X [34] is then always nonquasi-projective, a satisfactory answer
to Question 3.8 is still debatable, even in the special case where S ∼= P1 and that is the
reason why the privileged hypothesis of Γ came about; in fact, this topological constraint
for extending a Kahler (1,1) form across Γ should be compared with the size (or to be
precise the Hausdorff measure) of Γ which is an obstruction for extending positive and
d-closed currents (resp. analytic divisors) across Γ , as shown by the following results due
to Harvey [17] (resp. Shiffman [29]).
Theorem H. Let X be an n-dimensional C-analytic manifold and let Γ ⊂X be a closed
subset such that
H2n−3(Γ ) := the (2n− 3)-dimensional Hausdorff measure of Γ = 0. (%)
Then any d-closed positive current T ∈Dn−1,n−1(X \Γ ) can be extended to some positive
d-closed current T on X.
Obviously any Kahler form is a (n− 1, n− 1) positive d-closed current. A special case
(but quite interesting within our framework) of Theorem H was known earlier, namely.
Theorem S. Let X and Γ be as in Theorem H above. Let D ⊂ X \ Γ be an irreducible
analytic divisor. Then its closure D¯ is an analytic divisor in X.
On the other hand, as long as Theorem 3.6(a) is concerned one has an ample prototype
of concrete examples in that category:
Example 3.9. Let V be a negative vector bundle, in the sense of [13], of rank k > 1,
over some projective algebraic manifold W with dimW = q  1. Let us compactify each
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dimM = q + k  3.
Let π :M → Y be the blowing down morphism which contracts W to a singular point,
say {p}.
Certainly, in view of Corollary 2.11, we infer that {p} is not factorial.
On the other hand, we have the following well-known result in 2-dimensional case.
Proposition 3.10. Let Y be a 2-dimensional projective variety with only one isolated sin-
gular point {p}. Then p is rational iff p is Q-factorial.
In sharp contrast with this result, we have
Example 3.11. In Example 3.9, let W ∼= P1 and V = L1 ⊕L2 with c1(L1)= c1(L2)= −1,
one can show that {p}, the singular point of a 3-dimensional normal projective variety Y ,
is rational but is not even Q-factorial.
Example 3.12. Let Π : X0 → X0, be the blowing up of X0 the non-Kahlerian 1-convex
threefold in Example 1.3, with center a point {a} ∈ σ . It is easy to see that X0, is indeed
a non-Kahlerian 1-convex threefold with exceptional set S :=Π−1(a)∼= τ1 ∪ τ2 such that
τ1 ∼= P1, τ2 ∼= P2 and τ1 ∩ τ2 consists of exactly one point.
Example 3.13. On the other hand, let  :X0 → X0 be the blowing up of X0, along σ .
It is easy to see that X0, is indeed an embeddable 1-convex 3-fold with exceptional set
S :=−1(σ )∼= P1 × P1. In sharp contrast with this, we have
Example 3.14. Let M be a non-Kahlerian Moishezon 3-fold ∼= M4 in Example 3.2, let
Π :M →M be the blowing up of M along σ and let D := Π−1(Γ ). We infer from [37,
Proposition 3] that X :=M \ D is a non-Kahlerian 1-convex threefold with exceptional set
S ∼= F2.
Also as a by-product, we obtain new examples of non-Kahlerian Moishezon 3-fold,
namely M ; in particular this shows that the 3-fold B in Example 1.14 above is not projec-
tive. In view of Question 1.18, it is natural to propose the following question.
Question 3.15. Do there exist non-Kahlerian 1-convex threefolds with exceptional set S ∼=
F4?
Example 3.16. Let Y be a cubic hypersurface in P4, admitting 4 nodes {pν}, 1  ν  4,
which lie in a plane H ∼= P2 as its only singularities [9,39]. It is easy to see that Y admits
24 = 16 small resolutions, 14 of which are nonprojective algebraic. Let us select one of
them, say π :M7 → Y such that:
(a) rank Pic(M7)= 2,
(b) the indeterminacy set S′ of M7 consists of exactly 4 disjoint smooth rational curves,say, Cν with 1 ν  4, and
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by π .
Certainly the effective cycle Σ := C1 + C2 + C3 + 3C4 is numerically trivial, i.e. L.Σ = 0
for any L ∈ Pic(M7). Hence M7 is not projective algebraic and, as above, we obtain a
non-Kahlerian 1-convex threefold X7 ⊂M7 admitting S′ as its exceptional set. Notice that
Pic(X7)= Z.
In summary, the above prototypes provide us strong evidence of a perfect pairing for
the existence of non-Kahlerian 1-convex threefolds, on the one hand and nonalgebraic
Moishezon 3-folds, on the other hand; in other words, it suggests that one could kill 2
birds with 1 stone. Therefore, we would like to propose the following problem.
Problem 3.17. Let A (resp. B) be a non-Kahlerian 1-convex threefold (resp. a non-
Kahlerian Moishezon 3-fold).
(a) Does A (resp. B) always carry an effective (nonzero) rational cycle C :=∑i niCi
where Ci ∼= P1 for each i, which is numerically trivial?
(b) Does A admit some Moishezon 3-fold C as its compactification?
Notice that it is well known that there exist nonalgebraic Moishezon 3-folds which are
not compactification of any non-Kahlerian 1-convex threefold [37].
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